Saturated granular material is the subject of many studies. Several formulations were proposed to calculate the capillary forces between wet particles. Some of such models have been implemented in DEM-framework and simulation results were compared to experimental measurements. Also the influence of capillary model type on macro parameters like local shear viscosity and cohesive parameters of sheared material have been investigated on the DEM-model of split-bottom shear-cell.
Introduction
Wet granular materials play an important role in geology and many technical applications, e.g. construction, pharmaceuticals, civil engineering, etc. Here, liquid or capillary bridges are present between the granular grains, which produce intergrain forces on the micro-scale level and drastically modify the mechanical properties of the granular media on the macro-scale levels (e.g. slopes can be much larger than 45 degrees for the banked up wet bulk material) [6, 5, 14] .
Such inter-grain capillary forces have been the subject of many investigations within the last several decades, see e. g. [9, 5, 8] for an overview. Modern instruments allow to measure micro-and even nano-scale force values between individual particles very precisely. Based on these experimental information, capillary bridge models (CBM) for capillary force calculations can be deduced, as described e. g. in [7] . Some recent studies in this direction have been done for instance by Willett et al. [23] and Rabinovich et al. [17] .
These CBMs can be implemented in particlebased simulation methods, for example on the base of Discrete Element Method (DEM) in order to model the effects of individual capillary bridges between particles. Using a CBM it is possible to simulate the behavior of wetted bulk material and to predict its macro-parameters. This is important for simulations of processes like agglomeration, adhesion, crystallization and others [19, 18, 11] .
In this paper we investigate four different kinds of CBMs, which have been frequently used to model capillary bridge forces in DEM simulations. Firstly, the CBM formulations and their implementations in the open-source DEM software package are summarized. Then, the quality of the CBM for the description of individual capillary bridges in the pendular regime (where the capillary bridges exist individually) is tested by comparison of experimental and numerical data. Finally, the every kind of the CBM in simulations of weakly wetted bulk material shear flows is analyzed by cross-comparison of results from the different CBMs. Here, the bridges are again in pendular state.
Investigated CBMs
Zhu et al. [24] discuss in their review main features of CBM for the calculation of capillary forces. CBM for application in DEM simulations should consist of easy to implement explicit functions of liquid bridge volume and the particle separation distance. Additionally, the shape of the liquid bridge must be approximated in order to calculate the capillary force.
Two different methods can be adopted: in the neck (or "gorge") method the force is estimated at the neck of the bridge. Contrary, in the contact (or boundary) method, the force is evaluated at the liquid bridge solid contact region. It has been demonstrated, that the neck method seems to provide the more accurate estimate of capillary force than the contact method [10] . Some recent approaches with explicit CBM functions have been proposed by Weigert and Ripperger [22] (contact method), Willett et al. [23] (neck method), Rabinovich et al. [17] (neck method) and Soulie et al. [21] (neck method). Lambert et al. [8] give a corrected version of Rabinovich's CBM. Several of these CBMs have been already successfully used in DEM simulations of weakly wetted granular material [18, 3, 4, 13, 20] . A comparison of CBMs from Soulie and Rabinovich (with Lambert's correction) has been already given in [3] . Therefore, we will compare all stated CBM except Soulie's in order to identify (i) differences between CBM based on the contact and the neck method and (ii) differences between CBM based on the same method (neck) but with different formulations.
In our study, we apply four different CBMs, which have been proposed in chronological order by Weigert and Ripperger [22] , Willett et al. [23] and Rabinovich et al. [17] ) for the capillary force F between particles i, j with radii R i and R j . In these models, an effective radius R of the particle pair
is introduced as in Derjaguin's approximation [1] .
As constant input parameters, we prescribe the liquid bridge volume V = V bridge , the contact angle θ of the liquid-gas interface at the particle surface, and the liquid surface tension γ. In all four CBMs, the distance a between the surfaces of the two particles i, j is the main model variable. We assume, that F (capillary force) is acting only after a normal, mechanical contact between i and j, when an overlap between the particles has already disappeared. F is acting as long as a < a crit . The critical distance a crit between two particles is calculated according to Willett et al. [23] :
Where a * crit = a crit /R and V * = V /R 3 are the dimensionless critical distance and bridge volume accordingly.
All formulations, which are given below, have been implemented in the open-source DEM software Yade [25] in combination with a viscoelastic model for mechanical contacts [16] .
Weigert's model
In the CBM of Weigert and Ripperger [22] , simplified equations are employed in order to calculate V and the half-filling angle β from the bulk liquid saturation S. These parameters are needed to calculate F . V bridge can be found as:
Since V is a given parameter for us, β can be obtained:
C a and C θ are the correction functions for the distance and the contact angles, respectively, they are calculated according to:
The capillary pressure p k is calculated according to the Laplace-Young equation:
The principal radii of the bridge curvatureR 1 and R 2 are taken positive and negative, respectively, and calculated according to Pietsch and Rumpf [15] :
Finally, F is calculated with:
The sequence of equations in implementation is the following: (5), (6), (4), (8), (9), (7), (10).
Willett's full model
Willett et al. [23] proposed the following CBM, which is based on combined experimental and numerical results, with numerical data from integration of the Laplace-Young equation. The main model variable is the scaled dimensionless half-separation distance S + :
F is calculated from:
The coefficients f 1...4 are calculated as follows:
The sequence of equations in implementation is the following: (13), (14) , (15) , (16) , (11), (12).
Willett's reduced model
Willett et al. [23] give also a less complex CBM for equal-sized particles R i = R j = R. The following equation provides a closed approximation of F between equal-sized spheres:
Willett et al. [23] noticed, that this expression is valid for θ < 50
• and V * < 0.1. The sequence of equations in implementation is the following: (11), (17).
Rabinovich's model
Rabinovich et al. [17] give the following CBM, which is based on combined experimental and numerical analysis as well. First of all, the "embracing angle" α for the case sphere-sphere is evaluated:
Then the distance d sp/sp must be found:
Rabinovich et al. [17] Finally, F is predicted with:
Later, Lambert et al. [8] identified an error in the deduction of the model and showed, that the second term of equation (20) is redundant. Therefore, we employ Rabinovich's model with Lambert's correction: F is predicted with:
The sequence of equations in implementation is the following: (18), (19), (21) .
Kinds of investigated CBMs
In a first step different kinds of CBMs are analyzed in predicting individual capillary bridges. Therefore, DEM simulations of a particle pair connected by a single capillary bridge in the pendular regime have been performed. The setup of the simulations correspond to the experiments, which are presented in Willett et al. [23] for micro-scale and in Rabinovich et al. [17] for nano-scale experiments. Willett et al. [23] employed for the experiments precision synthetic sapphire spheres of radii 2.381, 1.588 and 1.191 mm. In their experiments the liquid bridges are formed of dimethylsiloxane with relevant material parameters surface tension γ = 20.6 mN/m and contact angle θ = 0
• . The liquid bridge volume V has been varied (see Table 1 ).
Rabinovich et al. [17] In the simulations, two interacting particles touch each other without overlap in their initial positions, i. e. a = 0. Then one particle is pulled out with constant velocity whereas the other remains fixed, until the rupture distance of the liquid bridge Table 1) sponding experimental data sets.
Obviously the overall agreement of the CBMs WilF, WilR and RabL to both experimental data sets from the micro-and the nano-scale is very good. Differences between the CBMs predictions and measurements are largest for small particle distances a, i. e. small bridge elongations.
On the contrary, the DEM simulations with CBM Weig fit only for small values of a to the experimental findings. Especially for the micro-scale setup W 11 in figure 1 , the CBM Weig is noticeable better in comparison to the other CBMs. However, the prediction quality of Weig CBM rapidly decreases for moderate and large values of a. Only the qualitative trend (nonlinear decreasing capillary force with increasing a) is captured with CBM Weig, but the capillary force values are markedly over-predicted.
An overview over the results from all DEM simulations (setups W 11 . . . W 33 and R 1 . . . R 3 ) is given in figure 3 . Here, relative capillary force values, defined as ratio from numerical and experimental force data, are given for three different bridge lengths a 1 = 0, a 2 = 0.5 a crit and a 3 = 0.95 a crit . In general, the observations from setups W 11 and R 1 are confirmed: whereas CBMs WillF, WillR and RabL match well to the measurements for most setups and all particle distances, Weig CBM gives only a satisfactory prediction for a small a values. 4 CBM influence on macroscopic parameters
Shear cell setup
In a recent paper [20] the authors have demonstrated the visible influence of capillary forces on the hydrodynamic material parameters, e.g. viscosity, of wet granular matter in shearing motion. Now the effects of the different CBMs on these parameters are studied. Therefore, DEM-simulations of split-bottom ring-shear cell [2] are performed. The geometry of the packing in the shear cell is given in figure 4 . The particle size of the monodisperse packing has been set to R i=j = 2.381 mm, as in experiment W 11 in table 1. The outer cylinder and the outer part of the bottom of the shear cell rotates with the period 100 s. The inner cylinder and the inner part of the bottom remains static. The density of sheared particles is set to ρ = 150 kg/m 3 in order to get roughly the same mass of particles as in [20] and achieve comparable F norm /F cap relationship. The particle number for the simulation is nearly 200000. About 84% of all particles are in the region of the sheared material. The following model parameter are set: contact time t c = 5.4 · 10 −4 s, coefficient of restitution in normal and tangential directions e n = e t = 0.83, integration time step ∆t = 5.4 · 10 −6 s. Every simulation has been run for a minimum of 5 s real flow time, corresponding to ≈ 10 6 simulation time steps. The results showed, that such relatively low simulation time is enough to achieve steady state of the system. All simulations have been carried out on the HPC cluster of TU Bergakademie Freiberg. Although adding capillary bridges to the contact model of the DEM code increases the number of active contacts and complicates the calculation schema, it does not significantly decreases the calculation speed of the model. All simulations need nearly the same CPU time period with difference of only ≈ 10%. From every simulation, 15 snapshots are taken into account for averaging, see [20] for more details. The discrete averaging time step is 0.25 s.
Results and discussion
The dominating feature in the sheared granular material in the split-bottom shear cell is the shear band, i. e. a localized region where the granular material yields and flows [2] . In figure 5 , the shear bands in the dry and two wet granular materials are compared. For the wet materials, resulting shear bands from the four CBMs Weig, WilF, WilR and RabL are shown.
Obviously, the center line and outer borderline of the shear band are shifted inwards in the wet materials. The displacement seems to depend on the liquid content as well. For larger liquid bridge volume (higher liquid content in the granular material), a stronger shift is observed. Regarding the four employed CBMs, we do not find a clear difference between the corresponding results (relocation of the shear bands).
The τ -p correlations give first insights into the macroscopic behavior of the granular material in the shear band. Figure 6 shows these correlations for dry and wet material with different liquid content. As expected, the correlations fit to the well- 
with µ = 0.13 for cohesive granular materials. Again, the parameters of the constitutive law depend significantly on the liquid content (c 1 = 1.3 P a for V 1 = 13.6 nl, c 2 = 2 P a for V 2 = 74.2 nl,), whereas the choice of the CBM has again no obvious influence on the macroscopic parameters (all points under red lines are very close to each other). One more macro-parameter, which can be evaluated from the DEM results, is the torque M acting on the rotating part of the shear cell. The torque indicates indirectly the cohesive properties of the sheared material as well. It has been recorded during the whole rotating period of the simulations, time-averaged results are presented in figure 7 . The results show the nonlinear dependency of the torque from the liquid content in the granular material. Again, the DEM simulations with the four different CBMs give nearly the same values of M . In order to understand these findings, we analyze the liquid bridge length distribution within the shear zone in more detail. Figure 8 gives the contact distance distribution in both dry (overlap) and wet (bridge length) contacts respectively. It is found, that most of the wet contacts have only short bridge length with respects to a crit . Here, the capillary force prediction gives roughly the same values from all four investigated CBMs. Therefore, only small deviations are found for the macroscopic flow parameters. Also the figure 8 (top row) shows distance-force dependencies, obtained from the shear cell simulations. Those curves are having absolutely the same dependency, like in a previous sphere-sphere simulations ( figure 1) . It proves the correct implementation of CBMs in the source code. Under the more dynamic conditions (increased cell rotation speed and thereby higher impact velocities), obtained curves can differ from static ones because of increased damping term of the total contact force.
The figure 9 shows the typical picture of contact distribution inside of shear band and out of it. To correctly compare contact numbers, here is introduced the contact number per volume. The diagram shows, that the relative number of contacts varies only for the range a > 0.5a crit .
The relative contact number is smaller for the range a > 0.5a crit outside the shear band in compare to the region of shear band itself. The trend is independent on liquid volume. By other words in the shear band there are some more wet contacts, which are far away from each other due to higher velocity gradient.
Conclusion
In the paper four different kinds of capillary bridge models for DEM simulations are investigated. First, individual liquid bridges between a pair of spherical particles on the micro-and nanoscale are simulated. The predictions of the four capillary bridge models are compared to corresponding measurements. It is found, that the results of three capillary bridge models are very near to the experimental data. Contrary, one model gives only a reasonable qualitative representation of the capillary force development, but overestimates the force values strongly.
Then, the different capillary bridge models are employed in DEM simulations of wet granular material sheared in a split-bottom shear cell. Here, the flow field structure and corresponding macroscopic parameters clearly depend on the liquid content in the granular material. The differences, that have been found in the prediction of individual bridges on the micro-scale, are not visible on the macro-scale. Therefore, the specific choice of the investigated capillary bridge model does not seem to have a marked influence on the prediction of the hydrodynamics of this type of granular flow.
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